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1 Introduction 

The paper studies stochastic partial differential equations (SPDEs) in a cylinder D x [0, T] with a 
Dirichlet boundary condition on dD, for a region D C R". We investigate regularity properties 
of the backward equations, i.e., equations with Cauchy condition at the final time. The difference 
between backward and forward equations is not that important for the deterministic equations 
since a deterministic backward equation can be converted to a forward equation by a time change. 
It cannot be done so easily for stochastic equations, because we look for solutions adapted to 
the driving Brownian motion. It is why the backward SPDEs require special consideration. The 
most common approach is to consider the so-called Bismut backward equations such the diffusion 
term is not given a priori but needs to be found. These approach was introduced first for ordinary 
linear backward stochastic equations. The backward SPDEs with similar features were widely 
studied (see, e.g., Pardoux and Peng (1990), Hu and Peng (1991), Dokuchaev (1992), (2003), 
Yong and Zhou (1999), Pardoux and Rascanu (1998), Ma and Yong (1999), Hu et al (2002), 



Confortola (2007), and the bibliography there given). Backward parabohc SPDEs represent 
analogs of backward parabolic Kolmogorov equations for non-Markov Ito processes, including 
the case of bounded domains, so they can be used for characterization of distributions of the first 
exit times in non-Markovian setting, as was shown by the author (1992,2010a). A different type 
of backward equations was described in Chapter 5 of Rozovskii (1990). Forward SPDEs were also 
widely studied (sec, e.g., Alos et al (1999), Bally et al (1994), Chojnowska-Michalik and Goldys 
(1995), Da Prato and Tubaro (1996), Gyongy (1998), Krylov (1999), Maslowski (1995), Pardoux 
(1993), Rozovskii (1990), Walsh (1986), Zhou (1992), Dokuchaev (1995), (2002), (2005), and 
the bibliography there given). 

For linear PDEs, existence and uniqueness at different spaces is expressed traditionally via 
a priori estimates, when a norm of the solution is estimated via a norm of the free term. For 
the second order equations, there are two most important estimates based on the L2-norm: so- 
called "the first energy inequality" or "the first fundamental inequality", and "the second energy 
inequality", or "the second fundamental inequality" (Ladyzhenskaya (1985)). For instance, 
consider a boundary value problem for the heat equation 

«t = Kx + 'P = fx + 9, 

u\t=o = Q, u\9D = 0, {x,t)eQ = Dx[0,l], DcK. (1.1) 
Then the first fundamental inequality is the estimate 

IKIIL(Q) + II^IIL{Q) ^ const (||/|||^((j) + ||5|lL(Q))- 
Respectively, the second fundamental inequality is the estimate 

ll^lliaW) + ll^xlli2(Q) + \\Kx\\l2(Q) ^ const ||v'lli2(Q)- 

Note that the second fundamental inequality leads to existence theorem in the class of solutions 
such that u"^ G L2{Q), and the first fundamental inequality leads to existence theorem in 
the class of solutions such that G L2{Q), i.e., with generalized distributional derivatives 
n^j. only. For the problem without boundary value condition, with smooth coefficients, and one- 
dimensional X G R, the second fundamental inequality can be derived from the first fundamental 
inequality; it suffices to apply the first fundamental inequality for the parabolic equation for u'^. 
(For the vector case of x G R", it would be more difficult since u'^ is a vector satisfying a system 
of n parabolic equations). For the problems with boundary value conditions, this approach does 
not work even for one-dimensional case, since the boundary values on dD for u'^ are unknown a 



2 



priori. It is why the second fundamental inequahty needs to be derived separately using special 
methods. 

For forward parabolic SPDEs, analogs of the first and the second fundamental inequalities 
are known. These results are summarized in Lemma [3.11 below. The first fundamental inequality 
for forward SPDEs in bounded domains with Dirichlet boundary condition was known long time 
ago (see, e.g., Rozovskii (1990)). Moreover, similar results are also known for forward SPDEs of 
an arbitrary high order 2m > 2; in this setting, the analog of "the first fundamental inequality" 
is an estimate for E||ii(-, t)||^m^^^ (Rozovskii (1991)). In addition, a priori estimates without 
Dirichlet conditions, i.e., in the entire space, are known for a general setting that covers both 
first and second fundamental inequalities (Krylov (1999)). On the other hand, "the second 
fundamental inequality" for the problem with boundary conditions was more difficult to obtain. 
Related complications were discussed in Krylov (1999), p. 237 and in Dokuchaev (2005). Kim 
(2004) obtained a priori estimates for forward parabolic SPDEs for special weighted norms that 
devaluates boundary values; for the case of L2-norms, these estimates can be interpreted as 
analogs of "the second fundamental inequality"; they are similar to estimates H'^iii^'i^llLjCQ) — 
const 1 1 '^29' 1 1 La (Q) problem (jl.ip . where rj are some weight functions such that ri{x) — )• 

as X approaching dD. For the standard non-weighted Sobolev norms, the second fundamental 
inequality" was obtained in Dokuchaev (2005). 

For the backward parabolic equations with Dirichlet boundary conditions, an analog of the 
first fundamental inequality is known (Zhou (1992), Dokuchaev (1992), (2003)). In fact, the 
duality relationship between forward and backward equations makes it sufficient to prove the 
first fundamental inequality for any one type of these two types of equations. (By duality we 
mean equations ()6.ip connecting the solutions of SPDEs (|3.2p and (j3.3p respectively). However, 
this approach does not work for the second fundamental inequality in a bounded domain D, 
since it requires to study an adjoint equation with the free term taking values in the space 
(W^iD))* which is too wide. It was unknown if the second fundamental inequality holds in this 
case. 

In the present paper, we study again existence, uniqueness, and a priori estimates for so- 
lutions for backward SPDEs. As was mentioned above, the first and the second fundamental 
inequalities for the forward SPDEs had been proved, as well as the first fundamental inequality 
for the backward SPDEs, so we concentrate our efforts on the remaining problem: to investi- 
gate if an analog of the second fundamental inequality holds for the backward equations. We 
found sufficient conditions that ensure that the second fundamental inequality and the related 
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existence theorem holds (Theorem I4.ip . To ensure this regularity, we required additional Con- 
dition [JT] which is a strengthened version of the standard coercivity condition (Condition I3.ip . 
Without this new condition, the second fundamental inequality is still not established. 
Some examples of applications are discussed in Section \5\ 

2 Definitions 

2.1 Spaces and classes of functions. 

Assume that we are given an open domain D C R'^ such that either D = R" or D is bounded 
with C^-smooth boundary dD. Let T > be given, and letQ = Dx {0,T). 

We are given a standard complete probability space (J7, T, P) and a right-continuous filtra- 
tion J^t of complete cr-algebras of events, t > 0. We are given also a A^-dimensional process 
w{t) = {wi{t), ...,WN{t)) with independent components such that it is a Wiener process with 
respect to 

We denote by || • ||x the norm in a linear normed space X, and {■,-)x denote the scalar 
product in a Hilbert space X. 

We introduce some spaces of real valued functions. 

Let G C R^ be an open domain, then Wjp{G) denote the Sobolev space of functions that 
belong to Lq{G) with the distributional derivatives up to the mth order, q > 1. 

We denote by | • | the Euclidean norm in R'^, and we denote by G the closure of a region 
G C R'^. 



Let i^o = L2{D), and let =W^ (D) be the closure in the W^{D)-novm of the set of all 
smooth functions u : D — )■ R such that u\q£) = 0. Let = W2{D) n be the space equipped 
with the norm of VF|(-D). The spaces are Hilbert spaces, and is a closed subspace of 
Wi{D),k = 1,2. 

Let be the dual space to H^, with the norm || • such that if n G then 

is the supremum of {u,v)f{0 over all v G such that ^ 1- is a Hilbert space. 

We will write {u, v)ho for u G and v G H^, meaning the obvious extension of the bilinear 
form from u G and v G H^. 

We denote by £k the Lebesgue measure in R'^ , and we denote by Bk the cr-algebra of Lebesgue 
sets in R'^. 

We denote by V the completion (with respect to the measure ii x P) of the cr-algebra of 
subsets of [0, T] x Q, generated by functions that are progressively measurable with respect to 
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Let Qs = Dx [s,T]. For k = -1,0,1,2, we introduce the spaces 

X''{s,T) = L'^{[s,T] xVL,V,Ii xP;F^), = L'^{Vl,Ft,V-H^) 

C\s,T)^c{[s,T]-Zf^' 



Furthermore, we introduce the spaces 

Y''{s,T) = X''{s,T)r^C^-^{s,T), k>0, 

with the norm ||'u||yfc(g^T) = ||^^||x'=(s,T) + ll^llc*-i(s,r)- 
In addition, we will be using spaces 

= L'=^{[0,T]xn,VjixP;Wl!{D)), A; = 0,1,..., 1 < r < +00. 

The spaces and are Hilbert spaces. 

Proposition 2.1 Let ^ G X° , let a sequence {Ck}t=i ^ -^^°°([0,T] xQJi x P; C{D)) be such 
that all are progressively measurable with respect to Ft, and let ||^ — ^fcllxo — ^ 0. Let 

t G [0, T] and j G {1,...,A^} be given. Then the sequence of the integrals ^k{x, s,lo) dwj{s) 
converges in Z^ as k ^ 00, and its limit depends on ^, but does not depend on {S,k}- 

Proof follows from completeness of and from the equality 

Uk{-,S,Uj) - ^rn{-,S,Uj)\\j^o ds = J^dxE (^J {^k{x , S , Uj) - ^rn{x, S , u)) dWj{s)^ . 

Definition 2.1 Let X°,t£ [0,T], j G {1, . . .,N}, then we define £S,{x,s,uj) dwj (s) as the 
limit in Zf as A; — )• 00 of a sequence Jq Ck{x, s,uj) dwj{s), where the sequence {^k} is such as in 
Proposition I2.1i 

Sometimes we will omit w. 

3 Review of existence theorems for forward and backward SPDEs 

Let {x, t) £ Q, uj £ il. 

Consider the functions b{x, t, w) : R" x [0, T] x S7 ^ R"^", f{x, t, uj) : R" x [0, T] x ^ R", 
X{x,t,uj) : R"x[0,r]xJl ^ R/3j(x,t,w) : R"x[0,r]xJl ^ R", I3i{x,t,uj) : R"x[0,r]xJ7 ^ R 
that are progressively measurable for any x G R" with respect to Ff 
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Consider differential operators defined on functions u : D — )• R 

n 

dx. 



- dxjdx- 



d 



BkV = ^ {(ik{x,t,uj)v{x)) + /3kix,t,uj)v{x), k = l,...,N. 



Here bij,fi,Xi are the components of b,f, and x. 

Further, consider the operators being formally adjoint to the operators A and Bi'. 



A*v = bij{x, t. 



dv 



^2 ^ ^ Qd 

LO)- —{x) + 2_^/i(x,t,w) — (x) + \{x,t,Uj)v{. 

i=l * 



dxidxj 



X 



B*kV = — (x) f3k{x,t,uj) + Pk{x,t,u}) v{x), k = l,... ,N. 



(3.1) 



To proceed further, we assume that Conditions I3.m3.2l remain in force throughout this paper. 



Condition 3.1 (Coercivity) The matrix b = b"^ is symmetric, bounded, and progressively mea- 
surable with respect to Tt for all x, and there exists a constant 5i > such that 

N 

2 



1 ^ 



i=l 



Condition 3.2 The functions \{x,t,uj) : R" and Pi(x,t,u}) are bounded. The functions b{x,t,Lo) 
R" X R X ^ R"^", f{x,t,uj) : R" X R X ^ R", X{x,t,uj) : R" x R x !^ ^ R, /3i{x,t,uj) 
and f3i{x,t,Lj) are are differentiable in x and bounded in {x,t,uj), and 



ess sup 

X,t,UJ 



db df df3i 

— {x,t,uj) + —{x,t,uj) + |-^(x,t,a;)| < +00, i = l,...,N. 



We introduce the set of parameters 
Pi= In, D, T 6, esssup^^j^^ \b{x,t,u;)\ + \ f{x,t,uj)\ + ^{x,t,uj) + |^(x,t,a;) 



esssup^.,. 



|/3i(x,t,a;)| + |/3i(x,t,w)| + 



Boundary value problems for forward and backward equations 



Let s G [0, r), 99 G X ^, hi ^ X^, and ^' G Z^. Consider the boundary value problem in 
D X [s,T] 

AT 

dtu = {Au + If) dt + ^^(5jn + hi)dwi{t), t > s, 



i=l 



u\t=s = ^, u{x,t,Uj)\^(z9D = 0. 



(3.2) 
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The corresponding SPDE is a forward equation. Here u = u{x,t,uj), {x,t) £ Q, oj ^ 

Inequality (13. 2 p means that equation (13. 2|) is coercive or superparabolic, in the terminology 

of Rozovskii (1990). 

Further, let ^ G X~^, and € Z^. Consider the boundary value problem in Q 

N N 

dtp + (^A*p + B*Xt + ^)dt = J2xi dwi{t), t < T, 

1=1 1=1 
p\t=T = ^, p{x, t, uj) UeOD = 0. (3.3) 

The corresponding SPDE is a backward equation. Here p = p{x, t, u), Xi = Xii^-: i-, ^)-, {x, t) G Q, 
UJ 

The definition of solution 

Definition 3.1 Let hi G and G X~^. We say that equations (|3.2p are satisfied for u £ 
if 

N 



U{- 



t) = ^+ (Aui-,r)+ip{-,r)]dr + Y, iBiu{-,r) + hi{-,r))dwi{r) (3.4) 
Js ^ i=i 



for all t such that s < t < T, and this equality is satisfied as an equality in Zj,^. 

Definition 3.2 We say that equation ([3^3]) is satisfied for p G y\ G Z^, Xi G X^ if 

T N N T 

p{;t) = [A*p{; s) + Y^ B*Xi{; s) + s)j ds-Y, X^{■, s) dwi{s) 

i=l i=l ''^ 

for any t G [0, T]. The equality here is assumed to be an equality in the 



(3.5) 



Note that the condition on dD is satisfied in the following sense: u{-,t,uj) G and p{-,t,uj) G 
for a.e. t,uj. Further, u,p G Y^, and the value of u{-,t) or p{-,t) is uniquely defined in Zj. 
given t, by the definitions of the corresponding spaces. The integrals with dwi in ()3.4pi3.5|) are 
defined as elements of Zj,. The integrals with ds are defined as elements of Z^^. (Definitions 
I3.m3.2l require for (j3.2p (j3.3p that these integral are equal to elements of Zj, in the sense of 
equality in Z^^). 

Existence theorems and known fundamental inequalities 

The following Lemma combines the first and the second fundamental inequalities and related 
existence result for forward SPDEs. It gives analogs of the so-called "energy inequalities", or 
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"the fundamental inequalities" known for deterministic parabolic equations (Ladyzhenskaya et 
al (1969)). 

Lemma 3.1 Let either k = —1 or k = 0. Assume that Conditions. In addition, assume that if 
k = 0, then (3i{x, t,uj) = for x G dD, i = 1, ...,N and 



ess sup sup 



dxkdxr 



-{x,t,uj) 



< +00. 



Let if G X^{s,T), hi G X^^^{s,T), and <^ G Z^^^. Then problem \3. ^)) has an unique solution 
u in the class Y'^{s,T), and the following analog of the first fundamental inequality is satisfied: 

\W\\y''+^{s,T) < C ^||y'||x'=(s,T) + + ^ ll^i|lxfe+i(«,T)^ ' (3-6) 

where c = ciVi) is a constant that depends on Vi only. 

The statement of Lemma |3. II for k = —1 corresponds to the first fundamental inequality; it 
is a special case of Theorem 3.4.1 from Rozovskii (1990). The statement for A: = corresponds 
to the second energy inequality; it was obtained in Dokuchaev (2005). 

The following Lemma gives the first fundamental inequalities and related existence result for 
backward SPDEs. 

Lemma 3.2 [Dokuchaev (1992,2010a)] For any ^ G and ^ G Zj,, there exists a pair {p,x) 
such that p G , x = ixi-, ■ ■ ■ ■•Xn), Xi ^ <^''^d i3. 3\) is satisfied. This pair is uniquely 

defined, and the following analog of the first fundamental inequality is satisfied: 

N 

IIpIIi-i + E ll^^ll^" ^ c(||C||x-i + ll^llzo (3.7) 

i=l 

where c = ciVoo) > as a constant that does not depend on ^ and ^ . 

Therefore, only the second fundamental inequality for backward SPDEs is missed. 

4 The main result: the second fundamental inequality for back- 
ward equations 

Starting from now, we assume that the following addition conditions are satisfied. 
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Condition 4.1 There exists a constant 6 > such that 

N \ ( ^ \ ^ AT 

1=1 \i=l / i=l 

\f{yi}t, c R", {x,t) eDx [o,T], uen. (4.1) 

For an integer M > 0, let 0f,(M) denote the class of all matrix functions b such that all 
conditions imposed in Section [3] are satisfied, and there exists a set {tfc}f£o ~ {^fe(-^)}i!£o such 
that = to < ^1 < ■ ■ ■ < = T such that max^ jt^ — — )• as M — )• +oo, and that the 
function b{x,t,Ljj) = b{x,uj) does not depend on t for t G [ti,ti^i). In particular, this means that 
b{x,t, •) is J^ti -measurable for all x £ D, t £ [ti,ti-^-i). 

Set Bft = UA/>oe;,(M). 

The following Condition 14.21 is rather technical. 

Condition 4.2 The matrix b is such that all conditions imposed in Section\^ are satisfied, and 
that there exits a sequence {b^^^^}\^i C Qb such at leats one of the following conditions is 
satisfied: 

(i) - 6||wi^ ^ as M ^ +oo. 

(ii) Condition is satisfied for b replaced by b^^'^\ with the same 5i > for all M, and 
||6(*^^(-,t,a;) — &(•, t, w)||^^(£)) — for a.e. (almost every) {t,oj) as i ^ +co. 

We denote by Gb the class of all functions such b that Condition 14.21 is satisfied. 
To proceed further, we assume that Conditions 13.1113.21 remain in force starting from here 
and up to the end of this paper, as well as the previously formulated conditions. 
Let V = {Vi,5i}. 

Theorem 4.1 For any ^ G and ^ G Z)p, there exists a pair (p, x); such that p £ Y^, 
X = (xii • • • ) Xn), Xi £ o.^d i3. 3|) is satisfied. This pair is uniquely defined, and the following 
analog of the second fundamental inequality holds: 

N 

i=l 

where c> is a constant that depends only on V. 

Repeat that estimate (14.2p represents an analog of the second fundamental inequality. 
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On the strengthened coercivity condition 

Let us discuss the properties Condition 14. II and compare it with Condition 13. 11 First, let us note 
that it can happen that Condition 13.11 holds but Condition 14.11 does not hold. It can be seen 
from the following example. 

Example 4.1 Assume that n = 2, N = 2, 

f3i=(^^^, (32 =(^^^, 6= i(/3i/3i^ + /32/3j) + 0.01/2 = 0.51/2, 

where I2 is the unit matrix in R^^^. Obviously, Condition 13.11 holds. However, Condition 14.11 
does not hold for this b; to see this, it suffices to take yi = /3i and y2 = ^2- 

Remark 4.1 Assume that the estimate in Condition 13.11 holds with 5 = only (i.e., the for- 
ward equation is dissipative, in the terms of Rozovskii (1990)). This important model covers 
Kolmogorov type equations for conditional densities of non-Markov Ito processes (see Rozovsky 
(1990), Chapter 6, and Dokuchaev (1995)). If we approximate the operator A by the operator 
A + elS., where A is the Laplacian, then Condition 13.11 holds for the new operator for arbitrarily 
small e > 0. This approximation of a dissipative equation by a coercive one is a useful tool 
for investigation of dissipative equations and distributions of non-Markov Ito processes. Ex- 
ample [4T] shows that, unfortunately, general dissipative equations cannot be approximated by 
equations such that Condition 14.11 holds. 

The following theorems clarify the relations between Conditions 14.11 and 13.11 
Theorem 4.2 // Condition holds then Condition \3. 1\ holds. 



Let us give some useful criterions of validity of Condition 14. 1[ 

Theorem 4.3 If n = 1 and Condition \3. 1\ holds, then Condition\4.1\ holds. 



Theorem 4.4 Condition \4.1\ holds if there exist Nq G {1,...,A^} and ^2 > such that Pi = 
for i > A'^o and 

y'^b{x,t,u;)y - ^\y'^ pi{x,t,uj)\^ > 62\y\^ Vy € R", (x, t) G /) x [0, T], u e n, i = l,...,No. 

(4.3) 

Corollary 4.1 If N = 1 and Condition \3.1\ holds then Condition\4.1\ holds. 
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5 Some applications 



So far, the main application is the representation theorem for functionals of non-Markov pro- 
cesses and their first exit times from bounded domains. These functionals are represented via 
solutions of backward parabolic Ito equations. The previously known results about regularity of 
the solution of the backward SPDE for p were insufficient for the case of domains with boundary, 
and the representation result was never before obtained for this case. It was done only using 
the additional regularity in the form of the second fundamental inequality given in Theorem 14. II 
(Dokuchaev (2010b)). Therefore, this regularity result opens ways to systematics of first exit 
times of non-Markov processes. 

In addition, a priori estimates obtained above helps to establish w can show that the solution 
of (j3.3p is robust with respect to small in L^o norm disturbances of the coefficients. 

Consider two problems (|3.3p . with coefficients 

(6,/,A,e,ft,ft,^) = (6W,/('=),AW,e('=),/3f ,M/W), A: = 1,2, 

such that Conditions 13.1113.21 and 14.1114.21 are satisfied for both sets of functions. Let V^''^ be 
the corresponding sets of parameters. Let {p^''Kxt\ ■■■jXn^) be the corresponding solutions of 
problem ([33]), A; = 1,2. 

Theorem 5.1 There exists a constant c = c{V^^\ ll^''^'' ll>2) such that 

N 

1=1 

where 

M = esssup( |6W(a;,t,a;) - b^^\x,t,uj)\ + w) - f'''^\x,t,uj)\ 

X,tLJ \ 

N 

+\X(^){x,t,u;)- A(2) {x,t,u)\+Y,Wi'\x,t,u:)- /jf {x,t,u;)\ 

1=1 

AT . 

+ ^\-^i'\x,t,u;)--^l'\x,t,u)\) + -e(^)||xo + ||^« 
i=i ^ 

Note that the first fundamental inequality can help to establish robustness only with respect 
to deviations of h that are small together with their derivatives in x, and this restriction is nec- 
essary even for robustness in . Theorem 15.11 establishes robustness in for the disturbances 
of the coefficients that are small in Loo-norm only. For instance, if h is replaced for 6 + ^, where 
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esssup^((^ \S,{x,t,uj)\ < e for a small e > 0, then Theorem 15.11 ensures that the corresponding 
solution of p.3p is close in Y'^ to the original one. 

The rest part of the paper is devoted to the proofs of results given above. 

6 Auxiliary facts for backward equations 

In this section, we collect some facts that will be used for the proof of Theorem 14.11 Lemmas 
I6.m6.3l given below were obtained in Dokuchaev (2010a), where the their proof can be found. 

6.1 Decomposition of operators L and Aii 

Introduce operators L{s,T) : X-'^{s,T) Y^{s,T), Mi{s,T) : X°{s,T) Y^{s,T), and 
C{s,T) : Y^{s,T), such that 

N 

u = L{s, T)ip + C{s, r)$ + Mi{s, T)hi, 

where u is the solution in Y^(s,T) of problem (j3.2|) . These operators are linear and continuous; 
it follows immediately from Lemma [3. II We will denote by L, A4i, and C, the operators L(0, T), 
M.i{0,T), and C{0,T), correspondingly. 

For t e [0,r], define operators St : C{[0,T]; Z^) Z^ such that 6tu = u{-,t). 

Lemma 6.1 In the notations of Lemma \3.2[ the following duality equation is satisfied: 

p = L*^ + {6TLy^, Xi = M*^ + {6TMir^, p{;0)=C*^ + {6TCr^, (6.1) 

where L* : X'^ X\ M* : X~^ X^ , {6tL)* : ^ X\ {6TMi)* : Z^ X^ , and {6tC)* : 
Zj, — )■ Zq, are the operators that are adjoint to the operators L : X~^ — t- X^ , Aii : X^ — t- X^ , 
5TM^ : X-^ Z^, dxMi : X^ Z^, and 5tC : Z^ Z^, respectively. 

Our method of proof of fundamental inequalities is based on decomposition of the operators 
to superpositions of simpler operators. 

Definition 6.1 Define operators K : Z^j Y^" , Qo : X''^ Y'^ , Qi : X^ Y^ , i = 1, N , as 
the operators £ : Y^, L : X~^ — > Y^, Mi : X^ — > Y^, i = 1, ...,N, considered for the case 

when Bi = for all i. 
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By Lemma Em these linear operators are continuous. It follows from the definitions that 



N 



(6.2) 



(6.3) 



i=l 

where rj G , <I> G Zq, and hi G X", and where V is the solution of the problem 

dtV = {AV + r,)dt + hi dwi{t), 
V\t=o = ^, y(x,t,a;)U6aD = 0. 

Define the operators 

TV N 
1=1 i=l 

By the definitions, the operator P : — t- is continuous, and P* : X^^ — )■ X^^ is its adjoint 
operator. Hence the operator P* : X^^ — ^ X^^ is continuous. Let 

N N 
1=1 i=l 

By the definitions, the operator Pq : X^ — t- Zj. is continuous, and Pq : Zj, — )• X~^ is its adjoint 
operator. Hence the operator Pq : Z^X^^ is continuous. 

Lemma 6.2 The operator (I — P)~^ : X^ — )• X^ is continuous, and 

L = (/-P)-iQo, Mi = {I-P)-'Qi, 

5tL = Po{I-Pr^Qo + 5TQo, 6TMi = Po{I-P)-^Q^ + 6TQi, (6.4) 
i = 1, ...,N. The operator [I — P*)^^ : X^^ — )■ X^^ is also continuous, and 

L* = q*q{i - p*y\ M* = Q*{i - p*y\ 

(StL)* = QUI - P*)-^P^ + (5tQo)*, {STMiY = Q*{I - P*)-'P^ + {6TQiT. (6.5) 

In fact. Lemma [6.21 allows to split represent solution (|3.3p via solution of much simpler problem 
with Bi = and via inverse operator {I — P*)~^ . It can be illustrated as the following. 

Corollary 6.1 (i) For ^' = 0, the solution {p,X1t--jXn) of problem \3. 3j) can he represented 
as p= Qlg, Xi = Qi9, where g = i + Ya=i B*Xi, and where Ya=i BiXi = P*9- 

(a) For general the solution {p,xi, ■■■,Xn) of problem i3. 3\) can be represented as 

P=Qo9 + {STQaT^, Xi = Q*i9 + (5TQi)*^, 



where g = £, + YliLi ^iXi; and where Xlili = P*9 + Pq*^- other words, g 
{I - P*)-i^ + P*)^^Po ^• 
It appears that this representation helps to establish the second fundamental inequality. 
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6.2 Semi-group property for backward equations 

It is known that the forward SPDE is casual (or it has semigroup property): 'd u = Ltp + C^, 
where (p e X~^, # G Z^, then 

u\tms] = s)'P + ^(^^ s)u{-,e). (6.6) 

To proceed further, we need a similar property for the backward equations. 

Lemma 6.3 Let < 9 < s < T, and let p = L*^, Xi = Mi^, where ^ G and * e Z^. 
Then 

p\t^[e,s] = Li9, s)*elt6[e,s] + iWe, s)rp{; s), (6.7) 

p{;9) = {60C{9, s)rp{; s) + Ci9, sTt (6.8) 

Xk\tel0,s] = Mk{9, s)*eite[M + i^sMi{9, s))*p{; s), k = 1, AT. (6.9) 

Note that this semi-group property implies causality for backward equation (which is a non- 
trivial fact due the presence of %). 

6.3 A special estimate for deterministic PDEs 

We use notations Vu = f ^r-, , for functions u : R" — > R. In addition, we use 



dxi ' 19x2 ' '"' dx„ 

the notation {u,v)fjo = X^"=i('yi, iii)i^o for functions u,v : D R", where u = {ui, ...,Un) and 
V = {vi, ...,Vn). 
For ue H^, let 

\MH^it,^) = i^^M-,tM^uf'^ = {Y. j -g^,ix)bij{x,t,u;)-^ix)dx) . (6.10) 

i,j=l ^ * ^ 

For K > Q, introduce the operator A*j^ = A* — KI, i.e., A*j(U = A*u — Ku. 

Lemma 6.4 Let 9,t e [0,T] be given, < 9 < t < T. Let the function b{x,t,u!) = b{x,uj) be 
constant in t £ [9,t] for a.e. x, uj. Let h = h{x,t,co) € L2{D x [9,t]), and let u = u{x,t,uj) : 
D X [9,t] X Q ^ H be the solution of the boundary value problem 

^+A*KU = -h, te{9,T) 

^ ^ (6.11) 

U{x, t) = 0, U{x, t)\x^QD = 0, 

Then for any e > 0, M > 0, there exists K = K{e, M,V) > such that 

sup \\u{-,t,u)fgi, M sup \\u{-,t,u)\\HO < / \\h{-,t,u)fjjodt a.s. 

te[e,T] te[e,T] 2 Jg 

This lemma follows immediately from Theorem 1 and Corollary 1 from Dokuchaev (2008). 
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7 The proof of Theorem 14.11 

By Lemma l6.H it suffices to show that the operators L* : — t- Y'^, {5tL)* : — t- Y^, and 
Ai* : — )■ X^, (dT-Mi)* ■ — )• X'^, are continuous, and that their norms are less or equal 
than a constant c = ciV). 

We define the operators L*{s,T), M*{s,T), {6tL{s,T))*, and {6TMi{s,T))* , similarly to 
L*, M*, (StL)*, and (drMi)*, with time interval [0,r] replaced by [s,T]. 

We denote by Vt the completion (with respect to the measure x P of the cj-algebra of 
subsets of [0,T] x $7, generated by functions that are progressively measurable with respect to 
Bi xTt. Let X^ = L'^{[0,T] x ^^PtJi x P;//'^). 

Let £ be the operator of projection of X^ onto X^ . 

Let ^ G X^ , ^ E Z)p, and let p be the solution of the boundary value problem in Q 

(7.1) 

By the second fundamental inequality for deterministic parabolic equations, it follows that the 
solution of dll]) is such that p G n C\ ^L2h holds and 

WpWx^ + \\P\y < c (ll^llxo + ll^llzo) , (7.2) 

where c = c{V) > is a constant. This fact is well known; if the function b{x,t,uj) is almost 
surely continuous, then (j7.2p follows Theorem IV. 9.1 from Ladyzenskaya et al (1968). Since the 
derivative db/dx is bounded, the condition that b is continuous can be lifted. In this case, ()7.2p 
follows from Theorem 3.1 from Dokuchaev (2005). 

By Martingale Representation Theorem, there exist functions 7i(-,t, •) G X^ such that 

N T 

p{x,t,uj) ='E{p{x,t,u})\To} + ji{x,t,s,uj)dwi{s). (7.3) 

^=l 



Lemma 7.1 Assume that the function fi = (6, /, A) is such that fi{x,t,u}) is To-measurable for 
all X G D. Let £^ G X^ , G Z^, let p be the solution of ( [7. j[ ), and let 7j be the processes 
presented in 17.31 ). Let p,xi, ■■■,X2 be defined as 

P = £p, Xi{x,s,uj) ='yi{x,s,s,uj). (7.4) 
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Then p £ , Xi ^ j ^.''^d 

N 



i=l 

where c = c{V) > is a constant. In addition, 

P=QS^ + (5tQo)*^, Xi = Q*^ + {STQ^r^. (7.6) 



Proof of Lemma \7.1\ By Martingale Representation Theorem, there exist functions ji{-,t, •) G 
X^, j^i{-,t, •) G X^, and 74rj(-) G X^, such that (|7.3p holds as well as 

N T 

Cix,t,uj) ='E{^{x,t,u;)\To} + Y] / 'y^iix,t, s,uj)dwi{s), 

i=i 

N T 

^'(x,w) = E{*(x,a;)|J"o} + / -i^i{x, s,u)dwi{s). 

i=i 

Moreover, it follows that T)gi[-,t, •) G X^, where either P7 = d^/dt or P7 = A*^, and 

iV T 

'Dp{x,t,uj) = E{'Dp{x,t,uj)\To} + / V^i{x,t,s,ijj)dwi{s). 
By dZl]), it follows that 



+^*7i(-,t,s,w) = -75i(-,t,s,u;), t G (0,r), 
-fi{x,T,s,uj) = 7*j(x,s,a;), 7i(x, t, s, = 0. 



(7.7) 



Again, it follows from the second fundamental inequality for deterministic parabolic equa- 
tions that 

sup ||7i(-,t,s,cj)||^i < c I / ||7gj(-,t,s,a;)||^odt + ||7*i(-,s,a;)||^i ) , 
where c = c(T, n, D) > is a constant. Hence 

||7i(-, s,s, a;)||^i ^ \\-i^i{-,t,s,u:)\\]jodt + \\-f^,i{-, s,u:)\\]j^ 

This estimate together with (|7.2p ensures that ()7.5p holds for p and Xi defined by (j7.4p . 
Let us show that (|7.6p holds. 
Clearly, 

N „T 



p{x,t,u}) = p{x,t,uj) + Y / ji{x,t,s,u})dwi{s), 

i=i 
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and 



Hence 



pi;t) = vI/ + ^^(^Xp(-,s)+C(-,s))ds 

N r r-T r-T rT 

+ ^ ds [A*'yi{-,s,r)+j^i{-,s,r)]dwi{r)- ji{-,t,s)dwi{s) 
= -^ + {A*p{-,s)+i{-,s)) ds 

^ V i-T rr i-T 

+ / dwi{r) [A*ji{-,s,r) +j^i{-,s,r)]ds - 'yi{-,t, s)dwi{s) 
j^^i Ut Jt Jt 

= ^ + ^^(Xp(-,s)+^(-,s)) ds 

N r-T V r-s 

+ dwi{s) / [A*jii-,r,s) +-f^i{-,r,s)]dr --fi{-,t,s) 

Jt Ut 



By mi), 

7ii-,t, Wlii-^r, s) + 7Ci(-, ^ s)]dr = 7i(-, s, s). 

By ()7.4p . we have selected 7i(-,s,s) = x«(")S)- It follows that 

N „T 



T / \ ^ 1 



Xii-,s)dwi{s). 



Finally, we obtain (j7.6p from Lemma [6TT] applied to the operators Qq, Q*, {6tQo)* , and {drQi)* , 
i = 1,...,N, considered as special cases of L* , Ai*, {5tLq)*, and {dx-Mi)* , respectively. This 
completes the proof of Lemma I7.1i □ 

In the following proof, we will explore the following observation: if A is replaced by A^^^ (x, t, u) 
X{x, t, w) + K, i.e., if A is replaced by Ak = Av + KI, then the solution u of the problem ()3.2|) 
has to be replaced by the process 

u{x, t, a;)e~^*, 

and the solution {p,xi^ ■■■^Xn) of the problem (|3.3p has to be replaced by the process 
(p(x,t,a;)e^(^-*),Xi(x,i,o.)e^(^-*),...,Xiv(x,t,^)e^(^-*)). 
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Therefore, it suffices to prove theorem for any case when A is replaced for X^^\x,t,uj) = 
X{x,t,uj) + K with some K > 0, and this K can be taken arbitrarily large. 

For linear normed spaces X and y, we denote by HTH^'^y the norm of an operator T : X ^ y. 



Lemma 7.2 Let < s < T, and let the function jj, = {b,f,X) be such that fj,{x,t,-) is J-g- 
measurable for all x £ D, t £ [s,T). Moreover, we assume that b{x,t,uj) = b{x,uj) does not 
depend on t £ [s,T]. Then there exist K > such that if X is replaced by X{x,t,uj) + K, then 



\\L*{s,T)\\xO(,^T),Y\s,T) + \\{STL{s,T)y\\zi,^Y^s,T)+'Y\\-M*is,T)\\xO(s,T),Xi 

i=l 

n 

+ 5^||(5TM(s,r))*||^l,;,l(,^^)<C, 

i=l 

where c £ (0, +oo) depends only on K and V. 



Proof of Lemma 7.2. To simplify the notations, we consider only the case when s = 0. 

By (jG.ip and (j6.5p . it suffices to show that the operator (/ — P*)^^ : — )• is continuous. 
For this, it suffices to show that there exist K > Q such that if A is replaced for X{x,t,(jj) + K 
then ||-P*||xo,xo < 1- 

Let ^ G X^ , let p be the solution of (|7.ip . and let 7j be the processes presented in ()7.3p with 
^ = 0. Let p, Xi) •••)X2 be defined by (|7.4p with = 0. In this case, 

^(•,t,s,a;)+^*7i(-,t,s,w) = -7gi(-,t,s,a;), tG(0,r), 

(7.8) 

-fi{x,T,s,uj) = 0, -ii{x,t,s,uj)\x^aD = 0. 

By Lemma 16.41 applied to boundary value problem (|7.8p . for any e > 0, M > 0, there exists 
K = K{£, M,V) >0 such that 

II / \ ii2 J- ~r t f'^ 

\ni{-,t,s,u})\\ffo < I 

t€[s,T] ^''"'^ te[s,T] 

Here || • is defined by (|6.10p . Hence 

l + e '■^ '■^ 



1 + e /""^ 

sup ||7i(-,t,s,a;)||^i, +M sup ||7i(-, t, s, u;)||^o < / \h^i{-,t,s,uj)\\j^odt a.s. 

t€\s,T] ^ ' ' te\s,T] ^ Js 



\\ji{-,s,s,uj)\\^^^^^^^ds + M \\ji{-,s,s,uj)\\^ods < ds J \\j^i{-,t, s,uj)\\^odt. 

Note that ^ 

/ / \h^i{;t,s,u)\\lods<Ufxo- 
~1 JO JO 



i=l 



18 



Hence 



E 



By (j7.6p . it can be rewritten as 

rT rT 

\Xii;t,u;)\\l,^^^^/t + ME 



E 







/ \\Xii-,t,^)\\ 
Jo 



XO- 



(7.9) 



Remind that 



N 



By Condition there exists M = M{V) > such that 

Af 2 N N 

j=l HO 

By (j7.9p and (j7.10p . it follows that a small enough e > and a large enough K > can be 
found such that 



(7.10) 



N 



i=l 



XO 



<cm\ 



XO 



\\P*^\\xo 

for this K with some c = c{V, K) < 1. Hence 

iip*eiixo < v~c\mxo. 

Therefore, we have proved that there exist K = K(V) > such that if A is replaced for 
X{x,t,uj) + K then ||-P*||xo,xo < 1, and, therefore, the operator (I - P*y^ : is 
continuous. By the first equation in (j7.6p . it follows that the operator Qg : X^ — t- Y'^ is 
continuous. In addition, it follows from (j7.6p and (|7.9p that the operators Q* : X^ — )■ X^ are 
continuous. Then the proof of Lemma 17.21 for the special case of \I' = follows from the first 
equations for adjoint operators in (j6.5p . 

To complete the proof of Lemma [7.2l for general ^, By (j7.5p . (j7.6p . it follows that it suffices to 
show that the operators (StQo)* ■ — )■ Y'^ and ((5rQi)* • -^r ~^ -^^ continuous, i = 1, A^. 
In addition, the upper bound of the norms of these operators depends on V only. Then the proof 
follows from the last two equations for the adjoint operators in (j6.5p . This completes the proof 
of Lemma 17. 2i □ 

For an integer M > 0, we denote by B(M) the class of all functions /x = (b, f, A) such that 
all conditions imposed in Section [3] are satisfied, and that there exists and a set {ti}^!^ such 
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that = to < ti < ■ ■ ■ < tjyf = T and that the function fj,(x, t, •) = {b{x, t, •), f{x, t, •), A(x, t, •)) 
is J^t- -measurable for all x £ D, t £ [ti,ti+i) and that the function b{x,t,u)) = b(x,uj) does not 
depend on t for t G 

Let G = UA/>oe(Af). 

Lemma 7.3 Let (6, /, A) G 0(M) /or some M > 0. T/ien i/iere exists K > such that if X is 
replaced by X{x, t, oj) + K, then 

n n 

\\L*\\xo,Y' + \\^i\\xo,x^ + ll(<5TL)*||zi,yi + Wi^TMiYWzi^^x^ < c, 

i=l i=l 

where c G (0, +oo) does not depend on M and depends only on K and V. 

Proof of this lemma follows immediately from Lemma 16.31 and from Lemma 17.21 applied 
consequently for all time intervals from the definition of 0(M) backward from terminal time. 

Corollary 7.1 Under assumption of Lemma \7.S\ Theorem \4. 1\ holds and there exists K > such 
that the operators L* : ^ Y'^, M* : X\ {5tL)* : Y^, and (dTMi)* : Z\. X^ , 

j = 1, ...,N , are continuous, and their norms do not depend on M . 

Up to the end of this section, we assume that A is replaced for A(x,t,w) + K such that the 
conclusion of Lemma 17.31 holds. 

Now we are in position to prove Theorem 14.11 for the case of (6, /, A) of the general kind. 

Let M = 1,2,..., M —7- +00. Let e = M~^. By Condition 14.21 there exist a subsequence of 
M such that there exists b^ G 0f,(M) for any M with the corresponding sets {tk} = {tk{M)}, 
= tQ < ... < tk < tM = T such that max^ |tfc — tfc-il — )■ as M — +oo, 6e(a;,t,u;) = 
b{tk,t,uj), t G [tk,tk+i), and that there exists q,r G [1, +oo] such that 

be —fb in Wq j. as e 0. 

Further, we introduce functions /e, A^, such that 

fe{x,t,uj) = E{/(x,t,a;)|JiJ, \e{x,t,u:) = E{A(x, t, J, t G [tk,tk+i)- 

Proposition 7.1 Let us show that Condition \4.1\ implies that: 

(a) Condition \4.1\ is satisfied for b replaced by bs, with the same 5i > for all e, and 

(b) Without a loss of generality, we can assume that sup^^g ll^ellw^ < +oo. 
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Proof of Proposition \ 7.1\ It suffices to show that Condition I4.1( i) imphes (a) and that 
Condition I4.1( ii) imphes (b). 

Let us show that Condition I4.ir i) implies (a). Let A = A{x,t,uj) G R"^^"^ be the sym- 
metric matrix that defines the quadratic form on the vectors Y = {yi, ...^vn) G R"^ in dH]), 
and let Ag be the similar matrix defined for b = b^. By Condition 14. H the minimal eigenvalue 
of A is positive and is separated from zero uniformly over e, x, t, uj. By the definitions, it follows 
that IIA^ — A||yyo^ —7- 0. Since the minimal eigenvalue of a matrix depends continuously of its 
coefficients, it follows that the minimal eigenvalue of A^ is positive and is separated from zero 
uniformly over e,x,t,u}. Hence Condition 14. ll fi) implies (a). 

Let us show that Condition I4.1f ii) implies (b). Let R = ||6||yvi^, and let 7 be the supremum 
over x,t,uj of the maximal eigenvalue of b{x,t,u}). It suffices to show that, without a loss of 
generality, we can assume that 

sup\\be\\yv^ <nj + 2R+l. (7.11) 

e 

Suppose that (|7.1ip does not hold, i.e., that there exists some M such that for e = and 
some tfc = tj.[M) there exists F C such that T G Tt^., P(r) > 0, 

be{-,t,Uj) = be{tk,X,Uj), t£[tk,tk+l), \\be{-,tk,Uj)\\iv};^(D) > + iff w G L. 

In this case, one can replace be(-, i)|tg[ti.,tj._^i)) by 

be{x,t,u) = 6£(x,t,a;)In\r(^) +7-^nIr(w), t G [tk,tk+i), 

where I is the indicator function, and where is the unit matrix in R". Obviously, Condition 
14.11 is satisfied for b^ replacing bs, with the same 61 > for all e. In addition, we have that 

ll^^*"^ - Hwi^iD) > \\b^^'^ \\wl,(D) - IMwi^iD) >n^ + 2R-R = n^ + R, a; G L. 

It follows that Condition 14.21 holds for the new selection b^. This completes the proof of Propo- 
sition [HI □ 

Further, it follows from Proposition 17.11 and from the definitions that 



sup (\be{x,t,Uj)\+ ^{x,t,Uj) +\fe{x,t,Uj)\+ ^{x,t,Uj) +\Xe{x, t, U})\J < +00. (7.12) 



dfe 



x,t,Lj,e 

Let us consider a subsequence e = — )• such that 

be ^b, fe^ f, Ae A, > — , > — m X" and a.e. as e 0. (7.13) 

ox ox ox ox 
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Let pe = LU + {StCsT-^, Xie = MU + {STMieT^, and let p = L*C + {StC)*^, Xi = 
M*S, + {dTMi)*"^. The operators L* : X^'^ Y^, etc, are defined similarly to L* : X^^ — ^ 
etc., with substituting (6, /, A) = {b^, /e, A^). 

By Lemma EH the sequences {p^} and {xie} belong to the closed balls in the spaces X'^ 
and X^ respectively with the centers at the zero and with the radius c(||i^||xo + H^'H^i^), where 
c = c('P) > does not depend on e. The balls mentioned are closed, concave, and bounded. It 
follows that these balls are weakly closed and weakly compact in the reflexible Banach spaces 

and X^ respectively. It follows that the sequences {pe} and {xis} has subsequences with 
weak limits p and Xi^ in the corresponding balls, i.e., 

N 
i=l 

Assume that we can show that p^ ^ p weakly in X"^ and Xie ~^ Xi weakly in X^ for all i. It 
follows that p = p and Xi = Xi 

N 

WpWx^ +Y\\Xi\\x^ <c(||ellxo + ||*|lzi). 



(7.14) 



i=l 



It follows that 



N 



<ci(iieiixo + ii*iizi: 



i=l 

where ci = ci{V) is a constant. Hence g = C + Y^iLi ^tXi is such that 

where C2 = C2(V) is a constant. Remind that, by Lemma 16.21 and Corollary [6TT 
g = {I- P*y^^ + P*)-'P*^, p=Qlg + {5tQ^Y^. 



By Lemma |7.H it follows that p G Y"^ and 



N 



WpWy^ 



Xi 



i=l 



^„ < csdl^llxo + ll^llzi), 



where C3 = 03(7^). By (|7.15p . it follows that p G and 



N 



WvWy^ 



Xi 



i=l 



^„ <C4(||ellxO + ||^|lz^^ 



where C4 = Ci{V) is a constant. Then the proof of Theorem 14.11 follows provided that the weak 
convergence of the sequence {xie} to Xi is established. 
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Therefore, it suffices prove this weak convergence, i.e., it suffices to show that 

^ {p^ - p, h)xo ^0 as e ^ V/i € X°, (7.15) 
Je = ix^s-Xuh)xo^O as e^O V/i G X^, i G {1, iV}. (7.16) 

Let us show that (j7.15p holds. Set = Lj^ h and u = Lih, where the operators Lje : — )• 
are defined similarly to the operators Li : — )• with substituting (6, /, A) = (6^, fe, A^). 
By the definitions of the corresponding adjoint operators, 

I, = {LU-L%h)x^ + {{5TUeY^-{5TLiY^>,h)xo 
= (C, u, - u)xo + (vl/, u,{;T) - n(-, T)) . 

Let the operators Ae be defined similarly to A with substituting (6, /, A) = (6e,/e,Ae). By 
the definitions, it follows that there exist functions f^{x,t,uj) : R" x R_|_ x Q — )• R", and 
Xe{x,t,u}) : R" X R+ X $7 — ^ R, such that 



supesssup( |/e(x,t,a;)| + \Xs{x,t,ijj)\] < +oo. 



£>0 X,t,U) 

and that AeU — Au is represented as 

AeU-Au=Y.— ([6.,, - 6.,] ^ ) + E + - 

i,j=l ■' i=l 

By (ITn^ - imHI) . it fohows that 

/e^O and Xs^O in X° and a.e.. (7.17) 
The function = — u is the solution in Q of the boundary value problem 

N 

dtUe = {AeUe + Fe{u)) dt + BiU, dWi{t), 

i=l 

U,{x,0)=0, U,{x,t)U9D=0, 
and where the linear operator Fi:{-) is defined as 

Fe{u) = re{u) + qe{u), re{u) = ^ ~^*^']^)' ^ l^-^'^'^^^' 

i,j=l * ^ 

Here are the components of the matrix fe^. By Lemma |3. 11 it follows that 

||C/,||yl <C||F,(^.)||^-l, 
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for a constant Ci = Ci(V). It follows that there exists a constant C = C{V) > such that 



141 < ci|[7,iiyi(iieiix-i + ii^iiz-) < c\mu)\\x-^m\xo + ii^ib- )• 

We have that 



i,j=l i,j='^ 



\\re{n)\\U 

for a constant C = C{n). The functions 6e and 6 are bounded, hence 



HO 



dt, 



[beij hj] 



dxj 



du . , 



for a constant Ci = Ci{V). We have that n G X^. By the Lebesgue's Dominated Convergence 



Theorem, it follows that 



0. Hence ||r£(u)||x-i — 0. 



Further, the functions fs and are bounded, hence 

du 



\qe{u){x,t,uj)\ < Ci 



dx 



{x,t,uj) 



+ \u{x,t,u})\ 



for a constant C2 = C2{V) > 0. By the Lebesgue's Dominated Convergence Theorem again, 
it follows that ||^e(^i)||xo ~^ 0- Therefore, we obtain that ||C/e(n)||xo — )■ 0. By (I7.18p . it follows 
that (fTT^ holds. 

Let us show that ()7.16p holds. Set Ve = A^ie h and v = M-i h, where the operators M-ie : 
—7- are defined similarly to the operators Aii : — )• with substituting (b, /, A) = 
{he, fe-,^e)- By the definitions of the corresponding adjoint operators, 

Je = {MU-MU,h)xo + {{5TM,eT^-{5TMir^,h)xo 
= (4, Ve - V)x0 + Vei;T) - vi;T)^ . 

The function Ve = Ve — v is the solution in Q of the boundary value problem 

N 

dtVe = {AeVe + Fe{v)) dt + Y, B^Ve dWi{t), 

1=1 

K(x,0) = 0, K(a;,i)UeaD = 0, 



where the operator -Fe(-) is defined above. The remaining part of the proof of (j7.16p repeats the 
proof of (|7.15p . This completes the proof of Theorem 14. li □ 
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8 The proof of Theorems 14.2 



M and [531 



Proof of Theorem 14- S\ Assume that Condition 14. II holds. Let 

N 



1 /2 

Sat = |a = («!,..., oat)^ G R'^ : |a| = (^^^ <1 



i=l 

Let y £ R" be fixed and let yi = yi{a) = a^y, a E Sn- Let yi = a^y and = Zi{y) = Pjy, 
z = z{y) = {zi, Z]\j)'^ . By Condition 14.11 



N 1 / ^ \ ^ ^ 

i=l \i=l / 1=1 



for all a £ Sj\f, {x,t) £ D x [0,T] and oj £ ft. Hence 

2 



y'^hy = Y,(4y^by>-\Y,'^iy^ Pi] +^iZ]«il2^l^ = 2U^"^^*^^M + '^I'^/l^ 

i=l \i=l / i=l \i=l / i=l 



for any a £ Sn. Hence 



y'^by> sup Ua^z{y)y + 6i\y\^ = hz{y)\^ + 6i\y\^. 



On the other hand, 

N N 



,(y)f = Y^\zM\' = J2\y''P^\' 



i=l i=l 

Hence 

1 ^ 

y'^by>-J2\y'^(3,\^ + 6i\yf. 

4 = 1 

Hence Condition 13.11 holds with 5 = 6i. □ 

Proof of Theorem\4^ We have that 2b = j+R, where 7 = XliLi and R = R{x, t, uj) > 25. 
Let D = BB^ = {/3i/3j}f^j^i, where B = Pn)'^ . It suffices to show that there exists 5i > 

such that 

'y{x,t,uj)lN - D{x,t,uj) >0 (8.1) 

for all X, t, UJ, where In is the unit matrix in R^^^. Let A = A(x, t, uj) be the minimal eigenvalue 
of the matrix 'y{x,t,u)lN — D{x,t,uj). It suffices to show that A > 0. Let z = z{x,t,uj) be 
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a corresponding eigenvector such that \z\ = \B\ ^ (for the trivial case \B\ = 0, we have 
immediately that A = 0). We have that z = cB + B\ where c G [—1, 1] and B' = B'{x, t, u) is a 
vector such that B^ B' = 0. By the definitions, we have that 7 = |-Bp and 

Xz = (7IJV - D)z = (7/jv - BB^){cB + B') = j{cB + B') - c\B\'^B 

= -/cB + -fB' - cjB = -fB'. 

Hence X{cB + B') = jB'. It follows that either 5' 7^ 0, c = 0, and A = 7 > 0, or A = and 
B' = 0. This completes the proof. □. 

Proof of Theorem \4-4\ By Holder inequality, we have that 

2 



/No y No 

\i=l / i=l 



Hence 



Ey^by^-UEyJ^^ =Ey7bm-l[EyJ^^ >EyJbm-^E{yJ('^ 

i=l \i=l / i=l \i=l / 1=1 i=l 



N 

2 



>hY.\y'' 

i=l 



This completes the proof. □. 
Proof of Theorem \5.1\ Let 

(1) (2) A (1) (2) 

and let ^*^'^^*, B^^^^* be the corresponding operators (I3.ip . k = 1,2. We have that 

N 

dtp + {A^^>p + i;)dt + Yl B^^^Xtdt + ^ = X* dwi{t), t < T, 

i=l 

p{x,0,uj) = '^^^\x,uj) - ¥^\x,uj), pix,t,uj) UeaD = 0. 

Here 

N 

^ A ^(1) _ ^(2) + ^(1)*^{2) _ _4{2).^{2) ^ )*^f ) _ B^>xP)- 

i=l 

By Theorem 14. 1^ it follows that there exists a constant Co = Cq{V^^^) such that 

1=1 ^ ^ 



i.2) 
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Further, we have ip = X^^^q i 2 V'm) where 

,(l)_,{2),aV^ A^^(l) ,(2)i9p(2) 

^ dXidXi ^ 

i,j=l i=l 



N / n „ (2) \ 

1=1 \j=l * / 



Clearly, 



N 
i=l 

where C = C{n) is a constant. Fmally, we obtain 

N 



<C7iM(||p(2)||y,+j;i|xriUi + l), 

i=l 



where Ci = Ci(n) is a constant. By ()8.2p . the desired estimate follows. This completes the 
proof. □ 
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